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Analytical Prediction of Height-Velocity Diagram of a
Helicopter Using Optimal Control Theory

Yoshinori Okuno,* Keiji Kawachi,t and Akira AzumaJ
University of Tokyo, Tokyo, Japan

and
Shigeru Saito§

National Aerospace Laboratory, Tokyo, Japan

The autorotative landing of a single-engine helicopter following power failure is analyzed using optimal control
theory. The optimization problems are formulated to minimize the unsafe region in the height-velocity diagram
under the condition that the touchdown speed is within the capability of the landing gear. Nonlinear equations of
motion are described using a rigid-body dynamic model with longitudinal three degrees of freedom. The
aerodynamic model of the rotor takes account of the effects of blade stall during descent and increased induced flow
in the vortex ring state. The present method gives a good estimation of the height-velocity boundary in comparison
with the existing flight test data. It is pointed out that the test pilot started the collective flare earlier than that
occurred in the optimal solution.

Nomenclature
a = lift-curve-slope of blade section, =5.73
b = number of blades
CD9CL = drag and lift coefficients of wing or fuselage
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drag and lift coefficients of blade section
= profile drag coefficient of blade section
= //-force coefficient = HjpSR2^2, see Fig. 3
= hub moment coefficient = MY/pSR3£P
= torque coefficient = Q/pSR3ff
= thrust coefficient = T/pSR2&, see Fig. 3
= blade chord
= distance above e.g., see Fig. 3
= moment of inertia
= inclination of rotor shaft, positive forward

spring constant of flapping hinge
distance behind e.g., see Fig. 3
mass
vertical load factor
rotor radius
rotor disk area, =nR2

time from power failure
induced velocity, nondimensionalized by
radial location of blade element, =r/R

= angle of attack
= effective angle of attack of blade section at Q.15R,

defined by Eq. (22c)
= flight-path angle, positive climbing, or Lock num-

ber, =pacR4/Ift
= longitudinal cyclic pitch, positive nose up
= blade twist angle, positive twist up
= collective pitch at Q.15R
= inflow ratio, Eq. (13)
= advance ratio, Eq. (12)
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v = descent ratio, Eq. (12)
v =bmp/pSR
p = air density
a = rotor solidity = bc/nR
Subscripts
a = slack variable
B = relative to body-fixed axes
F = fuselage
/ = time of touchdown
H = horizontal stabilizer
R = rotor
stall = after stall
p = flapping hinge

Introduction

HELICOPTERS have a chance of surviving the effects of
power failure by using an autorotative descent and land-

ing as illustrated in Fig. 1. Success of the landing depends on
various factors such as the ambient conditions, the gross
weight, arid the skill of the pilot. Unsafe conditions are
illustrated in terms of height and velocity as shown in Fig. 2.
Usually flight tests are conducted to verify safety in case of
power failure. These tests, however, involve significant cost
and time due to high risk. These problems have clearly
defined the need for methods of predicting unsafe flight
conditions and of improving safety in case of power failure.

In response to this need, optimal control theory has been
applied to the autorotative flight of helicopters. Komoda1
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Fig. 1 Autorotative descent and landing following power failure.
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solved the optimization problems to minimize or maximize
the height difference during maneuver for the specified touch-
down conditions. He used linearized equations of motion of a
point-mass dynamic model. Johnson2 used nonlinear optimal
control theory to obtain the control procedure required to
minimize a weighted sum of the squares of vertical and
horizontal velocities at touchdown for the given initial flight
conditions. Lee et al.3 extended this work using a numerical
solution technique that can handle the problems with state-
variable inequality constraints. In Ref. 4, the authors applied
a similar optimization technique to a rigid-body dynamic
model combined with the aerodynamic model that was ver-
ified experimentally. In this paper, this method has been
extended to predict the height-velocity (H-V) boundary ex-
plicitly. The repetitive application of the optimization proce-
dure with performance indices involving height and velocity
variables allows the minimization of the H-V boundary.

Dynamic Model of the Helicopter
The motion of the helicopter is expressed by using a

rigid-body dynamic model with longitudinal three degrees of
freedom as shown in Fig. 3. The state variables are height loss
z, horizontal velocity u9 rate of descent w, pitch attitude 0,
pitch rate q, and rotor rotational speed Q. The control
variables are collective pitch 00 and longitudinal cyclic pitch
0,. The equations of motion relative to the axes fixed in space
are described as follows:

where

dz =

dt~W

du 1— = —— (TB sin0 + HB cos0 + DFdt m
dw 1— = —— (TB cos0 - HB sin® + DF sinaF) + gdt in

d©
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Fig. 2 Typical height-velocity diagram.
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The lift of the horizontal stabilizer LH is given by

!_
2

= ® + '

if aH ̂  astaiuf

otherwise
'lOv + 1H - q)/u}

(3a)

(3b)

(3c)

The horizontal and the vertical components of the drag of
the fuselage are assumed to be given by

DF cosaF at - pu2SFCDp

Dp sinaF ̂  0

(4a)

(4b)

Rotor Performance in Autorotation
Helicopters encounter an unsteady flow condition known as

the vortex ring state when power fails in hover. In the vortex
ring state, the slipstream does not develop infinitely. There-
fore, momentum theory cannot be applied theoretically to the
rotor performance in the case of power failure. In the present
study, an empirical model of the induced flow is developed as
follows:

where
•JBJ (C2 sin2a/? + cos2a/?) (5)

(6)

(7)

Cl and C2 are empirical constants, which are determined to
give the mean values of the scattered experimental data5 as
shown in Fig. 4:

(8)

When Ci = 1 and C2 = 0, Eq. (5) equals the simple momen-
tum equation. When the nondimensional rate of descent v/v is
greater than 2 (i.e., in the windmill state) or the rotor angle of
attack is not large (a^ « 90 deg), the effects of the coefficients
Ci and C2 become small and Eq. (5) nearly equals the simple
momentum equation.

Fig. 3 Helicopter model.
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Fig. 5 Lift curve of blade section.
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Fig. 4 Induced-flow variation with rate of descent.

Thrust, H-force, torque, and longitudinal hub-moment co-
efficients of the main rotor are calculated by using a modified
blade-element theory that accounts for the effects of blade
stall near the blade root during descent. The analytical solu-
tions are obtained in the following forms:

ia<Tp-r^°-B2-kx2 , g2-fcxf
————_———_ ^ _j_ ————_———— i

1

= 4 (

+z<
-kxj B-kx, B3-kx*

(9b)

3 u 2

B2-kx2

0.

(9c)

(9d)

where B is the constant tip loss factor, B = 0.97.
xs is the average radius of the blade stall region, which is

defined by

(10)

where astaU = 12 deg in this study.
The lift curve of blade section is assumed to be as shown in

Fig. 5. Then k is given by

(ID
where k = 0.5 in this study.

Advance ratio ^, descent ratio v, and inflow ratio A are
given by

AA = /cos(0 -1, - fe) -sin(0 -1, - pc) \
\v) \sm(®-is-pc) cos(e-/,-&)/

(12)

(13)

The longitudinal tilt angle of the tip-path plane /Jc is
obtained, assuming quasisteady flapping motion, in the fol-
lowing form6:

i}
(14)

where

To show the validity of the present aerodynamic model,
measured and calculated variations of the torque coefficient
required to generate a constant thrust during vertical descent
are compared in Fig. 6. The result of the present model shows
better agreement with the experimental data7 over the entire
flight condition from hover to the windmill state than the
simple model, in which account is taken neither of the in-
creased induced flow in the vortex ring state, i.e., Ct = 1 and
C2 = 0 in Eq. (5), nor of the effects of the blade stall, i.e.,
xs = 0 in Eqs. (9a-9d).

Formulation of the Optimal Control Problems
Two different optimization problems are formulated. One is

the prediction of the H-V boundary. It is based on minimizing
the unsafe region under the condition that the touchdown
speed is within the capability of the landing gear. The other
problem is to find the optimal landing procedure for a given
initial flight condition. It is based on minimizing the touch-
down speed.
Performance Index and Boundary Conditions

The boundary of the low-speed unsafe region is estimated
by calculating three representative points (see Fig. 2): 1) high
hover point (point of minimum height), 2) low hover point
(point of maximum height), and 3) knee point (point of
critical height and minimum velocity). The performance index
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O Experiments (Ref. 7)
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Table 1 Specifications of the exemplified helicopter
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Fig. 6 Necessary torque for a constant thrust in vertical descent.

and the boundary conditions to obtain each point are formu-
lated as follows:
Performance Index

For the high hover point:

7 = minz(r/)

For the low hover point:

I = maxz(tf)

Fbr the knee point:

/ = max {mint/(0) }
z(tf)

Initial Conditions
For the high hover point and the low hover point,

(16a)

(16b)

(16c)

Z(0)=0, H(0)=0,
0(0), Q(0) given

For the knee point:

4(0) =0

z(0)=0, ?(0)=0
0(0), 0(0) given

free

(17a)

(17b)

Terminal Conditions

= 1

tf free
(18)

where us and ws are the horizontal and the vertical compo-
nents of the maximum allowable touchdown speed.

The performance index and the boundary conditions to find
the optimal landing procedure for a given initial flight condi-
tion are formulated as follows:
Performance Index

Initial Conditions

z(0)=0, ?(0)=0
t/(0), w(0), 0(0), 0(0)

Terminal Conditions

0(//)=0, z(tf) given

given

free

(20)

(21)

Gross weight, W
Rotor radius, R
Blade chord, c
Number of blades, b
Rotor rotational speed, Q
Rotor moment of inertia, IR
Location of e.g., 1R

5900 kgf
8.534m
0.381 m
4
239 rpm
7107 kg-m2

0.0254m

120

_ 80

40

O Flight Tests (Ref. 10)
Dynamic/Aerodynamic Model
—— Rigid Body+Modified
—— Rigid Body+ Simple
—— Point-Mass+Modified
........ point-Mass-f Simple
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Velocity (m/s)

Fig. 7 Effect of dynamic and aerodynamic models on H-V boundary
prediction.

Constraints
The following constraints are taken into consideration: 1)

the range of collective pitch, 2) the range of cyclic pitch, 3) the
maximum value of the effective angle of attack of the blade
section at Q.75R, 4) the maximum value of the vertical load
factor, 5) the range of pitch attitude, and 6) the range of rotor
speed. These constraints are formulated as follows:

flo^flo^cw, (22a)

0S . <0S£0S (22b)

dw
-j-

©nun * ® ^ 0max

Q^ <; Q ̂  Qmax

(22c)

(22d)

(22e)

(22f)

Actually, Eq. (22f) is found Unnecessary because no opti-
mal solution violates this constraint in this study. This is
because violation of the upper and/or the lower limits of the
rotor speed causes an unallowable load factor and/or exces-
sive blade stall, respectively.

The preceding inequality constraints are transformed into
equality constraints by introducing "slack variables."^ Then
the state vector x and the control vector u become

x = (z,w,H>,0,#,O,0a,0a)r (23a)
mm ( C\ & /3 O m *» /ul \T /O1W\H = I l7rt,{/c,t/f) ,l/» J&'nylfiJ**'a) \^"'3u)

where 0a and 0a are slack state variables that are introduced
because Eq. (22e) is a second-order state variable constraint,
and 00a, 0Sa, aa, na, and 0a are slack control variables.
Numerical solutions of the nonlinear optimal control prob-
lems are obtained through the use of sequential conjugate
gradient restoration algorithm developed by Miele et al.9

Results and Discussion
The low-speed unsafe region is analyzed for a single-engine

helicopter, the specifications of which are listed in Table 1.
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The high-speed unsafe region does not exist theoretically
because this helicopter has a wheel-type landing gear and the
forward speed at touchdown is allowed to be large
(us = 30 mph and ws = 8 fps). The optimal control is started
0.5 s after power failure in order to simulate the initial
reaction delay of the pilot.
Prediction of the H-V Boundary

Figure 7 compares the predictions of the low-speed unsafe
region for four combinations of the dynamic and the aerody-
namic models with flight test data.10 The combination of the
rigid-body dynamic model and the modified aerodynamic
model (present theory) provides results that are in closest
agreement with the flight test results, particularly in the
vicinity of the knee point. The point-mass dynamic model has
the merits of simple formulation and short computation time
but produces less satisfactory results.

Figure 8 shows the effect of the initial flight-path angle on
the size of the predicted unsafe region. The height of the knee
point is decreased by increases in the initial flight-path angle
because the initial climb rate offsets the height loss after
power failure. The velocity of the knee point is higher when
the helicopter is climbing rather than descending at the in-
stant of power failure, because the power requirement is
higher and the decay of rotor speed is more rapid.

Figure 9 shows the loci of the optimal landing paths from
three representative points in the H-V diagram in terms of
height, horizontal velocity, and rate of descent. Each path
starts from the boundary of the unsafe region determined
theoretically and terminates with the maximum allowable
touchdown speed. It can be observed that the pilot is required
to cope with a high rate of descent and a steep approach,
especially in the case of the high hover point. The control
histories for the high hover point and the knee point are
discussed below. Note that the results of the present theory
shown in the following sections are the optimal solutions, not

100

bO
'5

50

I
——— Level Flight
—— Climb at 7 = 10°
—— Descent at 7 = -10°

0 10 20
Velocity (m/s)

Fig. 8 Effect of initial flight-path angle on the size of unsafe region.

h k

for minimizing the unsafe regiqp but for minimizing the
touchdown speed from the initial flight conditions of the flight
tests.
Landing from the High Hover Point

Figure 10 compares the time histories of the optimal solu-
tions using two different dynamic rnpdels with those from a
flight test,10 for landing from the high hover point. The
pitch-attitude history of the optimal solution using the rigid-
body model is in good agreement with the flight test data.
When the point-mass model is used, however, the optimal
solution of pitching motion is of the bang-bang type, which
reduces the agreement in the H-V boundary prediction as
discussed above.

In the collective pitch histories of Fig. 10, it can be ob-
served that the pilot started the collective flare earlier than
that occurred in the optimal solution. This difference is be-
lieved to be the reason that the present theory predicts the
high hover point to be lower than that measured (see Fig. 7).

Figure 11 shows the effect of the difference in the collective
control use during the flare on the touchdown speed. The
nonoptimal path is calculated by using the present model fpr
the collective pitch history of the flight test data. It can be
observed that the premature collective flare results in a harder
landing because of the loss of the rotor rotational energy.

Time histories of the optimal solution are presented in Fig.
12 to show how the amplitude of collective pitch is deter-
mined during the collective flare. It can be observed that the
collective-pitch angle is limited by the maximum load factor

• Present Theory
• Flight Test (Ref. 10)

——— Point-Mass Model

Fig. 9 Loci of optimal landing paths in (h,u,w) space.

4 8
Time (sec)

Fig. 10 Comparison of optimal solutions with flight test data10 for
high hover point.
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Fig. 11 Comparison of optimal and nonoptimal landing paths from the
high hover point.
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Fig. 12 Time histories of the optimal solution for the high hover point.
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Fig. 13 Locus of optimal solution for the high hover point.

for the earlier period and by the blade stall angle of attack for
the later period.

Figure 13 shows the locus of the optimal solution in terms
of the rotor angle of attack and rate of descent. The broken
lines indicate the severity of thrust fluctuation in the vortex
ring state.5 The numerals indicate the time from the power
failure in seconds. It can be observed that the helicopter is in
the vortex ring state for the initial two seconds. Through this
period, the collective pitch is reduced to the minimum limit
and the cyclic pitch is held constant as shown in Fig. 10.
Therefore, it is considered that there would be no difficulty of
control.
Landing from the Knee Point

Figure 14 compares the time histories of the optimal solu-
tion with the flight test data,10 for landing from the knee
point. The difference between the measured and the calculated
collective flare is not as significant as observed in Fig. 10. This
may be because the approach is not as steep as in the case of
the high hover point (see Fig. 9) and the pilot can start the
collective flare in the proximity of the ground as occurred in
the optimal solution.
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Fig. 14 Comparison of optimal solution with flight test data10 for knee
point.

Conclusions
Nonlinear optimal control theory has been applied success-

fully to the H-V boundary prediction of a single-engine
helicopter. The analytical method proposed in this paper is
useful in reducing the risk, cost, and time of flight tests for
certification. It presents, as well, the possibility of extending
the H-V boundary determined experimentally.

The following conclusions are also drawn:
1) The present theory, which includes the rigid-body dy-

namic model and the modified aerodynamic model, provides a
reasonable prediction of the H-V boundary.

2) The test pilot started the collective flare earlier than that
occurred in the optimal solution, especially in the case of
landing from the high hover point.

3) The knee point has a higher velocity and a lower height
when the helicopter is climbing rather than descending.
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